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Outline

▪ Methodology and resources

▪ Basic uncertainty concepts

▪ Absolute calibration measurement equation

▪ Above water radiometry measurement equation 



Methodology and resources



Methodology and resources

• The International Vocabulary of Metrology (VIM)

“a non-negative parameter 

characterizing the dispersion of the 

quantity values being attributed to a 

measurand, based on the 

information used.”

“the measured quantity 

value minus a 

reference quantity 

value.”

http://www.bipm.org/en/publications/guides/

http://www.bipm.org/en/publications/guides/


https://jcgm.bipm.org/vim/en/2.26.html



Methodology and resources

• the Guide to the expression of Uncertainty in Measurement (GUM) and 

its supplements  

𝑢2 𝑦 =  𝑐𝑖
2𝑢2 𝑥𝑖 + 2   𝑐𝑖𝑐𝑗𝑢 𝑥𝑖 , 𝑥𝑗  

𝑁

𝑗=𝑖

𝑁−1

𝑖=1

𝑁

𝑖=1

 , 

The Law of Propagation of Uncertainties 

Monte Carlo Method

http://www.bipm.org/en/publications/guides/

http://www.bipm.org/en/publications/guides/


Monte Carlo method

“In mathematics, as in physics, 

so much depends on chance, 

on a propitious moment.”

Stanislaw Ulam
Source:  Adventures of a Mathematician ,

Third Edition (1991)

Chapter 5, p. 95, 



QA4EO Home https://qa4eo.org/

https://qa4eo.org/


Methodology and resources

• FIDUCEO (FIDelity and Uncertainty in Climate data records

   from Earth Observations)

Table descriptor    

Name of effect 

Detector 

calibration 

systematic error 

Detector 

calibration random 

error 1, 2  

Detector 

calibration stability 

model error 1, 2 

Affected term in measurement function  
𝑐cal ,z1

, 𝑐cal ,z2
,  

𝑐cal ,z1 ,𝑡 , 𝑐cal ,z2 ,𝑡  

𝑐cal ,z1
, 𝑐cal ,z2

,  

𝑐cal ,z1 ,𝑡 , 𝑐cal ,z2 ,𝑡  
𝑐stab ,z1

, 𝑐stab ,z2
  

Instruments in the series affected All All All 

Correlation type 

and form  

Temporal within 

deployment 

Rectangular 

Absolute 

Rectangular 

Absolute 

Rectangular 

Absolute 

Temporal between 

deployments 

Rectangular 

Absolute 
Random Random 

Spectral (hyperspectral 

in-situ) 
To be defined To be defined To be defined 

Correlation scale 

Temporal within 

deployment 
-∞,+∞ -∞,+∞ -∞,+∞ 

Temporal between 

deployments 
a,b1 0 0 

Spectral (hyperspectral 

in-situ) 
To be defined To be defined To be defined 

Channels/bands 

List of channels / 

bands affected 
All All All 

Error correlation 

coefficient matrix 

Identity – No 

correlation  

Identity – No 

correlation  

Identity – No 

correlation  

Uncertainty  

PDF shape Gaussian Gaussian Gaussian 

units Radiance/Counts Radiance/Counts Radiance/Counts 

magnitude 0.70% 0.25% Less than 1% 

Sensitivity coefficient  
𝜕𝑓

𝜕𝑐cal _s
  

𝜕𝑓

𝜕𝑐cal _r1
,

𝜕𝑓

𝜕𝑐cal _r2
 

𝜕𝐿w

𝜕𝑐stab1
,

𝜕𝐿w

𝜕𝑐stab2
, 

 

 
1 When items a and b depend on recalibration schedule of the SMART -CC system 



Relative uncertainty 400 412 443 490 510 560 620 667

Τ𝑢𝑐,𝑚𝑗
𝐼𝑂𝑃 𝐿

WN
 (oligotrophic waters) 3.9 3.6 3.3 3.0 3.3 4.2 12.2 15.8

Τ𝑢𝑐,𝑚𝑗
𝐼𝑂𝑃 𝐿

WN
 (optically complex 

waters)

22.3 18.7 11.1 5.9 5.1 4.5 5.8 6.7

Cazzaniga, I., & Zibordi, G. (2023). AERONET-OC LWN Uncertainties: Revisited. Journal of Atmospheric and Oceanic Technology, 40(4), 411-425.

AERONET-OC GUM application 
Casablanca 

Platform

Gustaf Dalen  
Lighthouse

Slide in courtesy of G. Zibordi



https://www.comet-toolkit.org/



Basic uncertainty concepts 



Error

is NOT the same as

Uncertainty



https://sisu-vana.ut.ee/measurement/introduction-concept-measurement-uncertainty



https://sisu-vana.ut.ee/measurement/origin-measurement-uncertainty



Uncertainty vs. error

Uncertainty:

• Describes the spread of a probability distribution i.e. standard deviation

Error:

• The result of measurement imperfections

• From random and systematic effects

Correction

• Where an error is known, it can be corrected by applying a correction

• There will always be an unknown residual error

Consistency in terminology is important!



Systematic and random effects:

EFFECT

• Calibration of reference

• Alignment

• Noise

• Lamp current setting

• Lamp current stability

• Temperature sensitivity

• SYSTEMATIC

• Yes

• If not realigned

• No

• Probably – if constant

• Probably not

• Depends on how much 

temperature is changing

Effects are random or systematic 

depending on the measurement 

process itself

lamp measured 5 times



Measurement Uncertainty: 

Accuracy and Precision

Poor precision, poor 

accuracy

Good precision, good 

accuracy

Poor precision, good 

accuracy

Good precision, poor 

accuracy

Accuracy  qualitative term relating the 

mean of the measurements to the true value

Precision  represents the spread of the 

measurements 



https://sisu-vana.ut.ee/measurement/origin-measurement-uncertainty



What is not a measurement uncertainty?

• Mistakes made by operators are not measurement uncertainties. They should not be 

counted as contributing to uncertainty. They should be avoided by working carefully and by 

checking work.

• Accuracy (or rather inaccuracy) is not the same as uncertainty. Unfortunately, usage of 

these words is often confused. Correctly speaking, ‘accuracy’ is a qualitative term (e.g. you 

could say that a measurement was ‘accurate’ or ‘not accurate’). Uncertainty is quantitative. 

When a ‘plus or minus’ figure is quoted, it may be called an uncertainty, but not an 

accuracy.

• Errors are not the same as uncertainties (even though it has been common in the past to 

use the words interchangeably in phrases like ‘error analysis’).

• Statistical analysis is not the same as uncertainty analysis. Statistics can be used to draw 

all kinds of conclusions which do not by themselves tell us anything about uncertainty. 

Uncertainty analysis is only one of the uses of statistics.



Basic concepts

Effects of the 

errors
Uncertainty

Random

Systematic

Standard Expanded

Type A Type B

Coverage factor

Absolute 

Relative

Correction



Uncertainty types

There are two methods for estimating uncertainties:

Type-A: 

uncertainty estimates using statistics i.e. by taking 

multiple readings and using that information

Type-B: 

uncertainty estimates from any other information, 

e.g. past experience, calibration certificates, etc.



Confidence intervals

▪ Uncertainty is given with respect to a given confidence 

interval: 

 u(y) = 3 cm 

   at the 68.2% coverage probability (1𝜎 or 𝑘 = 1)

   at the 95.4% confidence level

 u(y) = 6 cm 

   at the 95.4% coverage probability (2𝜎 or 𝑘 = 2)

Standard deviation



Uncertainty expression

Relative uncertainty:

5 mW m-2 nm-1 , 𝑢 = 0.2 %

i.e. uncertainty expressed as a percentage

Absolute uncertainty:

5 mW m-2 nm-1 𝑢 = 0.01 mW m-2 nm-1 i.e. 

uncertainty expressed in the native 

measurement units



Standard deviation

▪ Describes the spread of the sample values about the mean

▪ A measure of the precision of the sample values

▪ The standard deviation is formalised as: σ =

(𝑥1− ҧ𝑥)2+(𝑥2− ҧ𝑥)2+(𝑥3− ҧ𝑥)2+(𝑥4− ҧ𝑥)2…+(𝑥𝑛− ҧ𝑥)2

𝑛−1
=

σ𝑖=1
𝑛 𝑥𝑖− ҧ𝑥 2

𝑛−1

Sigma (lowercase) – used to 

denote the standard deviation



N=5 , s*1.41

N=10, s*1.13

N=25, S*1,04 

Standard uncertainty associated with the 

mean for small number of repeats



Standard uncertainty associated with the 

mean
▪ Tells us about the uncertainty associated with an average

▪ Expressed as u(y): uncertainty associated with variable ‘y’

▪ Standard uncertainty is a margin whose size can be thought of as ± one 

standard deviation

𝑢 =
𝜎

𝑛

Standard uncertainty 

associated with the 

mean

Standard deviation or 

spread of the results:

Uncertainty associated 

with a single value

Number of samples



THE LAW OF PROPAGATION 

OF UNCERTAINTIES

First order Taylor series approximation 

uncorrelated input quantities version

( ) ( )
2

2 2

1

n

c i

i i

f
u y u x

x=

 
=  

 




Sensitivity Coefficients

( ) ( )
2

2 2

1

i

i i

n

c

f

x
u y u x

=

 
=  

 








Common derivatives

From: http://tutorial.math.lamar.edu/



Simple case

S

light

1
V

V


=



S light darkV V V= −

S

dark

1
V

V


= −



Very simple case

One minute of light radiometer readings

Followed by one minute of dark readings



Simple case
S

light

1
V

V


=

S light darkV V V= −
S

dark

1
V

V


= −



( ) ( ) ( ) ( )
22 2 2 2

S light dark1 1cu V u V u V= + −

( ) ( )
2

2 2

1

i

i i

n

c

f

x
u y u x

=

 
=  

 






( ) ( ) ( )2 2

light darkSu V u V u V= +

Absolute uncertainty

Relative uncertainty

( ) ( ) ( )

( )

2 2

light dark

2

light dark

S

S

u V u Vu V

V V V

+
=

−



Exercise 1

Calculate standard uncertainty of an instrument 

signal and report it as relative uncertainty.

Inputs in DN:

Where:     is arithmetic mean and    is standard 

deviation 

dark dark32773.83, ( ) 2.16, 360V s V N= = =

light light33031.00, ( ) 2.19, 360V s V N= = =

Type A or Type B?

V s



Exercise 1

Calculate standard uncertainty of an instrument 

signal and report it as relative uncertainty.

Type A

( ) ( ) ( )

( )

2 2
light dark

2

light dark

S

S

u V u Vu V

V V V

+
=

−

?

( )
( )2

2 2( )
is x

u x s x
n

= =
! Note to evaluate 

Type A uncertainty 

you need 

repeated 

observation 
is experimental standard deviation of the mean

n is a number of repeated observation



Exercise 1

Calculate standard uncertainty of an instrument 

signal and report it as relative uncertainty.

Inputs in DN:

Where:     is arithmetic mean and    is experimental 

standard deviation

dark dark32773.83, ( ) 2.16, 360V s V N= = =

light light33031.00, ( ) 2.19, 360V s V N= = =

V s



Results exercise 1

Mean

Standard 

deviation

Number of 

readings

Absolute 

uncertainty (Type A)

Standard deviation 

of the mean 

Light 

[DN] 33031.000 2.190 360 0.115

Dark 

[DN] 32773.830 2.160 360 0.114

Measurements result and its combined standard uncertainty k = 1

Signal [DN]

Absolute uncertainty [DN] Relative uncertainty 

[%]

257.170 DN 0.162 DN 0.1 %

( )S

S

u V

V
( ) ( ) ( )2 2

light darkSu V u V u V= +



Exercise 1 concussions
▪ It might be easy to derive sensitivity coefficients from partial derivation

▪ Once derived then a ready solution can be used in the future 

▪ Every measurement uncertainty can be expressed as absolute or relative, 

and converted from one to another. This is just more convenient to use 

one or the other for same type of calculations

▪ Type A uncertainty evaluation, is valid only for a very large number of 

repeated observation and uses standard deviation of the mean as a 

standard uncertainty  

▪ THIS IS NOT THE CASE FOR TYBE B UNCERTAINTY EVALUATION

S

light

1
V

V


=



S light darkV V V= − ( ) ( ) ( )2 2

light darkSu V u V u V= +



Sensitivity coefficients cheat sheets

Summation in quadrature for addition and subtraction

Summation in quadrature for multiplication or division

A=LW,

e=a+b-c,



Sensitivity coefficients cheat sheets

Squared value 

Summation in quadrature for more complicated function

𝑍2,

𝑃 =
𝑉2

𝑅
,



Absolute calibration measurement 

equation



Calculation equation

Lamp

Radiometer

Stray 

light 

shields

Reflectance tile

45°

S light darkV V V= −

2

0:45

2

FEL cal
s

use

E d
L

d




=

Absolute calibration 

coefficient 
s

L

s

L
A

V
=



Sources of uncertainty

Calibration certificate

Calibration certificate

Distance accuracy

Random noise

Lamp additional effects

• Ageing

• Alignment

• Current stability

Diffuser additional effects

• Ageing

• Uniformity

Instrument additional effects

• Stability (drift)

• Room stray light



Measurement equations

lamp_stab alig

2

FEL 0:45
n cur

cal
s 2

us

rent diff_stab unif

e

K K K K
E

L
d

K
d


=

2

FEL 0:45 cal
s 2

use

E d
L

d




=

S light darkV V V= −

light_stab stray dark_sS light da tark bK K KV V V−+=



Calibration certificate

Remember calibration 

certificates almost 

always quote 

uncertainties at k = 2 !



Rectangular uncertainty distributions 

( )use use2 u d d−

Resolution of distance measuring instrument = 0.1 mm

Measurement distance = 500.0 mm

Uncertainty in irradiance from distance measurement = 

  2 × 0.006 % = 0.012 %

𝑎

3

Uncertainty associated with distance measurement = 

  (0.05 / 500) / 3 = 0.006 %

Full width = 2 a



Measurement equation: where to stop

▪ Room stray light negligible

▪ No instrument drift 

in controlled lab environment

light_stab stray dark_sS light da tark bK K KV V V−+=

Difference between detector dark reading and 

measurement with detector FOV obscured  

smaller than standard deviation of individual dark 

runs

0.7 DN change during 

45 minute constant run



Uncertainty budget



Uncertainty budget
1. Traceability Chain

Uncertainty evaluation type ?

Type B – information form calibration certificates !

Coverage factor ?

Probability distribution? 

k = 2, Gaussian



Uncertainty budget
2. Calculation equation

Uncertainty evaluation type ?

Type B – information form calibration certificates

Type A – repeated measurements

Absolute uncertainty Relative uncertainty



Uncertainty budget
3. Sources of uncertainty

4. Measurement equation (all components with assigned size of effect)

5. Sensitivity coefficient



Uncertainty budget
6. Assigning Uncertainties

7. Combining your uncertainties

8. Expanding your uncertainties



When to stop

Combined standard 

uncertainty = 1.63 %



When to stop

Combined standard 

uncertainty = 1.63 %



When to stop

Combined standard 

uncertainty = 1.63 %



When to stop

Combined standard 

uncertainty = 1.63 %



When to stop

Combined standard 

uncertainty = 1.62 %



Above water radiometry measurement 

equation



LPU example for water leaving radiance

𝐿𝑤 = 𝐿𝑡 − 𝜌 ∗ 𝐿𝑖

( ) ( )
2

2 2

1

n

c i

i i

f
u y u x

x=

 
=  

 


We assume uncertainty in all inputs components are due to random effects, thus there is no error correlation.

We assume that uncertainty in all inputs components have Normal distribution.

𝑦 = 𝑓 𝑥1, 𝑥2, … , 𝑥𝑁



Sensitivity coefficients

𝜕𝐿𝑤

𝜕𝐿𝑡
= 1,

𝜕𝐿𝑤

𝜕𝜌
= 𝐿𝑖,

𝜕𝐿𝑤

𝜕𝐿𝑖
= 𝜌,

𝐿𝑤 = 𝐿𝑡 − 𝜌 ∗ 𝐿𝑖



Combined uncertainty

𝑢 𝐿𝑤 = 12 ∙ 𝑢 𝐿𝑡
2 + 𝐿𝑖

2 ∙ 𝑢 𝜌 2 + 𝜌2 ∙ 𝑢 𝐿𝑖
2

All uncertainties here are expresses as an absolute uncertainty 



LPU example for Remote sensing reflectance

𝑅𝑟𝑠 =
𝐿𝑤

𝐸𝑠
,

𝜕𝑅𝑟𝑠

𝜕𝐿𝑤
=

1

𝐸𝑠
,

𝜕𝑅𝑟𝑠

𝜕𝐸𝑠
= −

𝐿𝑤

𝐸𝑠
2 ,

𝑢 𝑅𝑟𝑠 =
1

𝐸𝑠

2

∙ 𝑢 𝐿𝑤
2 + −

𝐿𝑤

𝐸𝑠
2

2

∙ 𝑢 𝐸𝑠
2

All uncertainties here are expresses as an absolute uncertainty 



Remote sensing reflectance as relative 

uncertainty

𝑢 𝑅𝑟𝑠 =
1

𝐸𝑠

2

∙ 𝑢 𝐿𝑤
2 + −

𝐿𝑤

𝐸𝑠
2

2

∙ 𝑢 𝐸𝑠
2

Divide both sites of equation by 𝑅𝑟𝑠



Relative uncertainty in remote sensing 

reflectance

𝑢 𝑅𝑟𝑠

𝑅𝑟𝑠
=

1
𝐸𝑠

2

∙ 𝑢 𝐿𝑤
2

𝑅𝑟𝑠
2 +

−
𝐿𝑤

𝐸𝑠
2

2

∙ 𝑢 𝐸𝑠
2

𝑅𝑟𝑠
2



Relative uncertainty in remote sensing 

reflectance

𝑢 𝑅𝑟𝑠

𝑅𝑟𝑠
=

1
𝐸𝑠

2

∙ 𝑢 𝐿𝑤
2

ൗ
𝐿𝑤

𝐸𝑠

2 +

−
𝐿𝑤

𝐸𝑠
2

2

∙ 𝑢 𝐸𝑠
2

ൗ
𝐿𝑤

𝐸𝑠

2



Relative uncertainty in remote sensing 

reflectance

𝑢 𝑅𝑟𝑠

𝑅𝑟𝑠
=

𝑢 𝐿𝑤
2

𝐿𝑤
2

+
𝑢 𝐸𝑠

2

𝐸𝑠
2



Remote sensing reflectance cheat sheet

𝑅𝑟𝑠 =
𝐿𝑡 − 𝜌𝐿𝑖

𝐸𝑠
 

൯𝑢𝑟𝑒𝑙(𝐿𝑟 = 𝑢𝑟𝑒𝑙 𝜌 2 + ൯𝑢𝑟𝑒𝑙(𝐿𝑖

2

൯𝑢𝑟𝑒𝑙(𝐿𝑤 =
𝑢𝑎𝑏𝑠(𝐿𝑡)2 + ൯𝑢𝑎𝑏𝑠(𝐿𝑟

2

𝐿𝑤
2

൯𝑢𝑟𝑒𝑙(𝑅
𝑟𝑠

= ൯𝑢𝑟𝑒𝑙(𝐿
𝑤

2
+ ൯𝑢𝑟𝑒𝑙(𝐸

𝑠

2

൯𝑢𝑎𝑠𝑏(𝐿
𝑤

= 𝑢𝑎𝑏𝑠(𝐿
𝑡
)2 + ൯𝑢𝑎𝑏𝑠(𝐿

𝑟

2



Take home message

So called sum of squares for relative (%) uncertainty estimation is 

correct only for equations with multiplications and divisions as 

mathematical operations.

It works for additions and substations as well but then uncertainties as 

absolute, thus in the same units and input components. 

It doesn’t work directly for equation where both multiplication and 

addition occurs such as 𝐿𝑤 .



Congratulation!

I finished and you survived ;-)
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